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Abstract
We prove that the spectrum of the discrete Schro¨dinger operator on ℓ2(Z2)
(ψn,m) 7→ −(ψn+1,m + ψn−1,m + ψn,m+1 + ψn,m−1) + Vnψn,m , (1)
(n,m) ∈ Z2, {Vn} ∈ ℓ
∞(Z)
is absolutely continuous.
1 Introduction
In this paper we study the spectrum of the discrete Schro¨dinger operator on ℓ2(Z2)
H := −∆+ V, (2)
where −∆ is the discrete Laplacian acting on ℓ2(Z2) ∋ ψ = {ψn,m} by
(−∆ψ)n,m = −(ψn+1,m + ψn−1,m + ψn,m+1 + ψn,m−1) ∀ (n,m) ∈ Z
2
and V = {Vn}n∈Z is a sequence of real numbers defining a multiplication operator by
ψn,m 7→ Vnψn,m ∀ (n,m) ∈ Z
2.
We emphasize that V is independent of m, so that the operator (2) can be interpreted as describing
infinitely many identical chains, each one labeled by the index m and coupled to the others by a
discrete laplacian along the m direction.
Our main result is the following one:
Theorem 1.1. Let V = {Vn}n∈Z ∈ ℓ
∞(Z); then (2) has absolutely continuous spectrum.
We will also prove the following dispersive estimate:
Theorem 1.2. Under the hypotheses of Theorem 1.1, let ψ0 ∈ ℓ
1(Z2); then ∃ C > 0 such that
‖ei(−∆+V )tψ0‖ℓ∞(Z2) ≤
C
〈t〉
1
3
‖ψ0‖ℓ1(Z2) ∀ t ∈ R. (3)
Of course from Theorem 1.2 one can deduce standard Strichartz estimates (see [KT98]).
The main examples we have in mind are the case of a quasi-periodic potential, where Vn := aV (ωn+ θ),
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with V ∈ C∞(T1) and a ∈ R, and the case where {Vn}n∈Z is a random sequence. For both cases it is
known that, under suitable assumptions, the spectrum of the unidimensional operator
ψn 7→ −(ψn+1 + ψn−1) + Vnψn, ψ = {ψn}n∈Z ∈ ℓ
2(Z) (4)
is pure point. See [FSW86] for the latter and for instance [Jit99] in the case of the almost- Mathieu
operator, namely V (θ) = a cos(θ), and [Eli97] for the proof of pure pointness under more generic
hypotheses on the quasi-periodic potential V.
Theorem 1.1 shows that coupling infinitely many chains of type (4), the spectrum becomes absolutely
continuous, independently of the spectral nature of the operator in (4). Furthermore, by Theorem 1.2,
one gets dispersion. On the contrary, as shown in [EKMY02] for quasi-periodic potentials, pure
pointness persists if the number of chains we couple is finite.
The proof of our results is very easy; nevertheless, we think that they could help to clarify the behavior
of two dimensional chains. We recall that if, instead of considering infinitely many identical coupled
chains, one considers a situation in which V is a quasi-periodic potential depending in a nondegenerate
way on m too, system (2) exhibits Anderson localization, as shown in [BGS02] in the two-dimensional
case and in [Bou07] in higher dimensions, so that the spectrum is pure point. We also remark that
our method trivially extends to higher dimensional lattices.
The rest of the paper is devoted to the proof of the above results.
Acknowledgements. We thank Didier Robert for pointing to our attention the paper [Fox76].
2 Absolute Continuity of the Spectrum
We exploit the main result of [Fox76] dealing with selfadjoint operators in Hilbert spaces H with the
structure of tensor product H = H1 ⊗H2.
First we recall the definition of separable operators.
Definition 2.1. A selfadjoint operator H on H is called separable with parts A1, A2, if there exist
cores Di ⊆ Hi such that the linear span of D1 ⊗ D2 is also a core for H and, for all pure tensors
ψ = ψ1 ⊗ ψ2 with ψi ∈ Di, one has
Hψ = A1ψ1 ⊗ ψ2 + ψ1 ⊗A2ψ2.
By [Fox76] the following result holds.
Theorem 2.2. Let H be a separable selfadjoint operator on H, then the projection valued measure P
associated to H is the tensor convolution measure, defined by the relation
〈P ( · )ψ1 ⊗ ψ2, φ1 ⊗ φ2〉H = 〈P1( · )ψ1, φ1〉H1 ∗ 〈P2( · )ψ2, φ2〉H2 , (5)
where Pi are the projection valued measures associated to Ai, i = 1, 2.
We will apply this theorem to our case exploiting the structure ℓ2(Z2) = ℓ2(Z)⊗ℓ2(Z) of the space.
Indeed one immediately sees that the operator (2) is separable with parts
(A1χ)n = −(χn+1 + χn−1) + Vnχn, χ = {χn}n∈Z ∈ ℓ
2(Z)
and A2 ≡ ∆m the discrete laplacian in the m direction, namely
(−∆mφ)m = − (φm+1 + φm−1) φ = {φm}m∈Z ∈ ℓ
2(Z).
In order to exploit Theorem 2.2, we first give a result on the convolution of two bounded measures,
one of which is absolutely continuous.
Proposition 2.3. Let m, n be complex finite Borel measures. If m is absolutely continuous with
respect to Lebesgue measure, then their convolution m ∗ n is absolutely continuous with respect to
Lebesgue measure.
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Proof. Let f ∈ L1(d(mn)), with mn the product measure. One has∫
R
fd(m ∗ n) =
∫
R2
f(x+ y) dm(x) dn(y)
=
∫
R
∫
R
f(z) dm(z − y) dn(y)
=
∫
R
∫
R
f(z) g(z − y) dz dn(y)
=
∫
R
f(z)
(∫
R
g(z − y)dn(y)
)
dz,
where G(z) =
∫
R
g(z − y)dn(y) ∈ L1(dz), since
∫
R
∣∣∣∣
∫
R
g(z − y)dn(y)
∣∣∣∣ dz ≤
∫
R
(∫
R
|g(z − y)| d|n|(y)
)
dz
=
∫
R
(∫
R
|g(z − y)| dz
)
d|n|(y)
=
∫
R
(∫
R
|g(z)| dz
)
d|n|(y)
=
(∫
R
|g(z)| dz
)
|n(R)| < +∞.
Proof of Theorem 1.1. By density argument, it is sufficient to prove absolute continuity of the real
Borel measure 〈P ( · )ψ, ψ〉H for the set of all finite linear combinations of pure tensors,
ψ =
N∑
j=1
αj χj ⊗ φj , N > 0, α ∈ C, χj , φj ∈ ℓ
2(Z).
We apply Theorem 2.2 to get
〈P ( · )ψ, ψ〉ℓ2(Z2) =
N∑
j,k=1
αjαk〈P ( · )χj ⊗ φj , χk ⊗ φk〉ℓ2(Z2)
=
N∑
j,k=1
αjαk〈P1( · )χj , χk〉ℓ2(Z) ∗ 〈P2( · )χj , χk〉ℓ2(Z),
where P1 is the projection valued measure associated to A1 and P2 is associated to −∆m.
Thus we deal with a linear combination of the complex measures 〈P1( · )χj , χk〉ℓ2(Z)∗〈P2( · )χj , χk〉ℓ2(Z),
whose absolute continuity follows from Proposition 2.3, and from the absolute continuity of the mea-
sures 〈P2( · )χj , χk〉ℓ2(Z).
3 Dispersive Estimates
In the following, if p ∈ [1, ∞] we will denote with ℓpn (respectively, ℓ
p
m) the ℓ
p space of a complex valued
sequence with respect to its integer index n (respectively, its ℓp space with respect to its integer index
m). Furthermore, ℓpn,m will denote the norm of complex sequence with respect to both the indexes
n, m.
Proof of Theorem 1.2. Denote, by abuse of notation, A1 = A1⊗1 and −∆m = 1⊗ (−∆m), then such
operators strongly commute and therefore one has
ei(−∆+V )t = ei(−∆m+A1)t = eiA1te−∆mt ∀ t ∈ R.
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The dispersive estimate for −∆ + V then follows from the analogous dispersive estimate for the
one-dimensional discrete laplacian −∆m (see [SK05]): let φ ∈ ℓ
1(Z); then ∃ C > 0 such that
‖e−i∆mtφ‖ℓ∞(Z) ≤ C〈t〉
−
1
3 ‖φ‖ℓ1(Z).
Indeed, ∀t ∈ R, if ψ0 ∈ ℓ
1
n,m one has
‖ei(−∆+V )tψ0‖ℓ∞
n,m
= ‖eiA1t
(
e−i∆mtψ0
)
‖ℓ∞
n,m
≤
∣∣∣
∣∣∣∣∣∣∣eiA1t (e−i∆mtψ0)∣∣∣∣ℓ2
n
∣∣∣
∣∣∣
ℓ∞
m
=
∣∣∣
∣∣∣∣∣∣∣e−i∆mtψ0∣∣∣∣ℓ2
n
∣∣∣
∣∣∣
ℓ∞
m
≤
∣∣∣∣∣∣∣∣∣∣e−i∆mtψ0∣∣∣∣ℓ∞
m
∣∣∣∣∣∣
ℓ2
n
≤ C〈t〉−
1
3
∣∣∣
∣∣∣||ψ0||ℓ1
m
∣∣∣
∣∣∣
ℓ2
n
≤ C〈t〉−
1
3 ||ψ0||ℓ1
n,m
.
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